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Abstract 

We study various properties of closed relativistic strings. In particular, we characterize 
their closure under uniform convergence, extending a previous result by Y. Brenier on 
graph-like unbounded strings, and we discuss some related examples. Then we study 
the collapsing profile of convex planar strings which start with zero initial velocity, and 
we obtain a result analogous to the well-known theorem of Gage and Hamilton for the 
curvature flow of plane curves. We conclude the paper with the discussion of an example 
of weak Lipschitz evolution starting from the square in the plane. 

keywords: String-theory, minimal surfaces, Minkowski space, geometric evolutions. 

1 Introduction 

Whereas string-theory in flat Minkowski space, as viewed by physicists, is thought to be 
completely understood on the classical non-interacting level, some of its aspects are still open 
problems from the mathematical point of view. The subject of this paper is the analysis of 
closed strings, which correspond to time- like minimal surfaces, in the (1 -|-n)-dimensional flat 
Minkowski space. We recall (see for instance |22l Chapter 6]) that the Minkowski area S{X) 
of a time-like map X : [0, T] x [0, L] — )- 1^^+"- of class is given by 

S{X)= [ ^{Xt,X^)l - {Xt,XtU{X^,X^)m dtdx, (1.1) 

J[0,T]x[0,L] 

where (•, •)m denotes the Minkowskian scalar product in M^"*"" associated with the metric 
tensor diag(— 1, -|-1,...,-|-1). In the sequel we always assume X to be of the form 

X{t, x) := {t, j{t, x)), {t, x) G [0, T] x [0, L], (1.2) 

and that 7(t, •) is closed. It is well known (see for instance |2H I22j ) that in a particular 
parametrization (and assuming that all quantities are sufficiently smooth) critical points of 
S can be described by 
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' Itt = Ixx, 

< (7«,7x> = 0, (1.3) 
J7i|' + |7x|' = l, 

see also Section [2] for the details. Critical points of S have been considered by Born and 
Infeld [7] (in the case of graphs), and analyzed later on by many authors. A large number 
of explicit solutions to ()1.3p . possibly with singularities in the image of the parametrization 
(such as cusps, for instance, where the above regularity condition fails) is known, see for 
instance [31 Chapter 4], [21], [IS]- 

The nonlinear constraint in (jl.Sp is not closed under uniform convergence. Indeed, many 
examples in the physical literature [51 ETj [20] show that the limit of a convergent sequence 
of relativistic strings is not, in general, a relativistic string, thus leading to the concept of 
wiggly string. A natural question is then to characterize the closure of relativistic strings. 
This issue is discussed in the physical literature (for instance in |2 Ij ) and, for the case of strings 
which are entire graphs, an answer was provided by Y. Brenier [6j. We obtain an analogous 
result for the case of closed strings (see Theorem 13. ip . Roughly speaking, the nonlinear 
constraint is convexified (compare (j2.22p and (|3.2p ). and limit solutions have in general only 
Lipschitz regularity. Then, motivated by an example described by Neu in [19j and by Theorem 
13. H in Section m we discuss various examples. In particular, and as already observed in [19] 
when n = 2 (see also [15]). we show how additional small oscillations superimposed on the 
initial datum can prevent the limit solution to collapse to a point (see Examples 14.21 and 14. 3p . 
Mathematical questions related to (|1.3p also include the qualitative properties of solutions 
for special initial data, and their asymptotic shape near a singularity time, for instance 
near a collapse. This latter problem is, in turn, intimately related to the existence of weak 
global solutions, to be defined also after the onset of a singularity. In this paper we begin a 
preliminary discussion on this subject. More precisely, in Section [5] we address the study of 
the convexity preserving properties of the solutions of ()1.3p . when n = 2, and their asymptotic 
profile near a collapsing time. In Proposition 15.41 we show that a relativistic string which is 
smooth and convex and has zero initial velocity, remains convex for subsequent times, and 
shrinks to a point while its shape approaches a round circle. This result is analogous to the 
one proven by Gage and Hamilton in [TT] for curvature flow of plane curves, and the one 
proven in [T7] for the hyperbolic curvature flow (non relativistic case). However, differently 
from the parabolic case (see [1HI13|). here the collapsing singularity is nongeneric, the generic 
singularity being the formation of a cusp, as discussed in ^ i9j. Adopting as a definition of 
weak solution the one given by D'Alembert formula for the linear wave system in (|1.3p . it 
follows that after the collapse the solution restarts, and the motion is continued in a periodic 
way. This is in accordance with the conservative character of the wave system in (jl.Sp . 
D'Alembert formula can still provide a possible definition of weak solutions for Lipschitz 
immersions. In Example 15. 61 we study the solution corresponding to a homotetically shrinking 
square. In this case it turns out that the conservation law ()2.14p below is valid only in special 
interval of times. The same example shows that, in contrast with the case of smooth strings, 
for Lipschitz strings the collapsing profile is not necessarily circular. 
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2 Notation and preliminary observations 

For n > 2 we denote by the (l+n)-dimensional Minkowski space, which is endowed with 
the metric tensor diag(— 1, +1, . . . , +1). We indicate by (•,•) and | • | the eucHdean scalar 
product and norm in M", respectively. Given T > and L > 0, the Minkowski area S{X) of 
a time-like map X : [0,T] x [0,L] -)> M^+'^ of class is defined in ([TI]), where X = X{t,x), 
Xf := dfX and X^ := dxX. Note that (jl.ip is well defined if X is only Lipschitz continuous. 

2.1 Assumptions on 7 

As already said in the Introduction, we will assume that X has the form (|1.2p . where 7 G 
C^([0,T] X [0, L];M") satisfies the L-periodicity conditions 

7(-,0) =7(-,L), 7,.(-,0) = 7x(-,i). (2.1) 

When necessary, the map 7 will be periodically extended with respect to x on the whole of 
[0,T] X M; we still denote by 7 G C"^([0,T] x M) such an extension. 

Definition 2.1. We say that 7 is regular if^x{t,x) / for any {t,x) € [0, T] x [0,L]. 

Let 7 G C-'^([0, r] X [0, L];R") be regular; if there exist a bounded closed interval / C M 
and a map r G C^([0,T] x /;[0,L]) such that r(t,-) is strictly monotone, then the map 
{t,a) G [0,T] X / — )• 7(t,r(t,(T)) is said a reparametrization of 7. 

The normal velocity vector is given by 7^, where denotes the orthogonal projection onto 
the normal space, so that 

hx\ hx\ 

Definition 2.2. Let 7 G C^([0,r] x [0,L];M"). We say that 7 is strictly admissible if 

h^\^<l in [0,T] X [0,L]. (2.3) 

2.2 The lagrangian C 

Under assumptions (jl.2p and (j2.3p we have 

V(Xt,X,)2^ - {Xt,Xt)m{Xx,Xx)m = VilUl.y + |7xP(l " ht\^), 

and 

5(X) = [ C{-tulx) dtdx. (2.4) 

J[0,T]x[0,L] 

Here the function £ : dom(£) = {(^,7?) G M" x M" : (^,r/)2 > |?7|2(|^|2 - 1)} ^ [0, +00) is 
defined as 

£(e,r/) := v'(?,r?)2 + |77P(l-|e|2), (e,r?) G dom(£). 

Observe that (^, 77) G dom(£) implies (^, ar/) G dom(£) for any a G M, and 

£(e, ar/) = |a|£(e, ??), a G M, (C, r/) G dom(£). (2.5) 
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Hence if 7 is a reparametrization of the regular curve 7 then the righe hand side of ()2.4p 
remains unchanged. 
Note also that 

(C, rj) G dom(£), r,) = 0, + \v\^ = 1 £{t v) = \v\^- (2-6) 

Definition 2.3. Let / C M 6e a bounded closed interval, and let 7 G (^""^([OjT] x /;M") be a 
regular map. We say that 7 is parametrized orthogonally if 

(7t,7,) = in[0,r]x/. (2.7) 

Remark 2.4. Any regular map 7 G C^([0, T] x [0, -L];M") can be parametrized orthogonally 
(see for instance [1, Theorem 8]) in [0, T] x [0, L]. Indeed, it is enough to consider the map 
{t,x) G [0,r] X [0,L] 7(t,r(t,x)), where r G C^HO^T] x [0,L];[0,L]) satisfies the linear 
transport equation it = ^-^^jy-p^ra;- It follows that the parametrization becomes unique once 
we fix r(0, •). 

Notation: in what follows we use the symbol E with the following meaning. Let 7 G C^([0, T] x 
[0, L]) be a regular strictly admissible map. First we reparametrize 7(0, •) on the interval [0, E] 
in such a way that |7x(0, •)p = 1 — |7t (0, Next, recalling Remark 12.41 we further uniquely 
reparametrize orthogonally the map 7 in the parameters space [0,T] x [0,E]. We therefore 
achieve, at the same time, the two conditions 

|7t(0,x)|2 + |7,(0,x)|2 = 1, xG[0,^], (2.8) 

{jt{t,x),-f,{t,x)) = 0, {t,x) G [0,r] X [0,^]. (2.9) 

2.3 First variation of S 

We recall that X G C^([0, T] x [0, L];M^+") is called a critical point of S if 
^S{X + AcI>)|,=o = 0, $ G Cl ([0,T] X [0,L];Mi+") , 

where, for m G N, G Cj {[0,T] x [0,L];M'") means that G ([0,r] x [0,L];M"") and $ 
has compact support in (0,T) x [0,L]. 

The first variation of 5 is a classical computation (see for instance |22^ Section 6.5]). 
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Lemma 2.5. Let X £ C^{[0,T] x [0,L];M^+") be a critical point of S of the form ([O]), with 
7 satisfying the periodicity condition ()2.ip . regular and strictly admissible. Then 



[0,T]x[0,L] 



^flTxlVt - (7t,7x)V'x) dtdx = 0, V G Cr([0,r] X [0,L]), (2.10) 



[0,T]x[0,L] ^{itilx 

-(|7ip-l)(7x,<^.)-|7.P(7t,'^t)' 



(itfix = 0, 



//7 G C2([0,r] X [0,L];M") i/ien 



\lx 



{lt,lx) 

C-{lulx)Jt ' V^(7t,7x) 



+ 



</)GCr([0,r] X [0,L];M"). 

(2.11) 

0, (2.12) 



|7xp7it + (l7tP - l) 7xx - 2(7f,7x)7xt 



^(7t,7x) 



l7tp-l 
^(7t,7x) 



/ {lt,7x) 
V^(7t,7x;/ t 



7x = (2.13) 



m [0,r] X [0,L]. 



Proo/. Let (/> G ([0,T] x [0,L];M"). For A G M and |A| small enough we have that + Xcp 
is regular and strictly admissible. Then, being X critical for 5, and taking ip G C^([0, T] x 
[0, L]), we have 

= -^5(X + A(V^,<A))|;,=0 



[o,T] X [o,r 



d j 2 

((1 + A'0t,74 + A<?!)t), (AV'x,7x + >^4'x))m 



dX 



1/2 



((1 + AV't,7t + Ac/"*), (1 + Xlpt,7t + ^(t>t))m {{^^x^lx + X(j)x), (AV'a;,7x + X(j)x)) r 



dtdx 



|A=0 



[0,T]x[0,L] 



{{it,ix)i{'yxAt) + {it,'Px) -^x) - {7xAx){ht\^ - 1) - bx\^{{'yt,(pt) -i^t)) 

^(7i>7x) 



dtdx, 



and ()2.10p and f)2.1ip immediately follow. 

Assume now that 7 G C^HO, T] x [0, L]; M"). Then ([21^ follows from (|230|) by recalling that 
■0 has compact support in (0,T) x [0, L], and integrating by parts. Integrating by parts in 
([2TT]1 and using (f2l^ . it follows 



{7t,7x, 

Mlt.lx)/ t 

which is (f2T3l) . 



7x - ^-T} \lxt + TTT r Ix + ^Ixx + TTT r7M = 



C.{lt,lx 



l^[lUlx 



c^inuix) l^[lUlx) 



□ 



Note that by the positive one-homogeneity of >C(^, •) in ()2.5p it follows that (|2.10p . ()2.1ip . 
(j2.12p and (I2.13P are invariant under reparametrizations of 7 with respect to x. 
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Remark 2.6. Under the assumptions of Lemma 12.51 integrating ()2.12p on [0,L] one obtains 
the conservation law 



d f hi 



|2 



X I 



, . ^, , dx = 0, tG{0,T). (2.14) 
This conservation law can be equivalently written on the image ^{t, [0,L]) as follows: 

dn'=0, (2.15) 



dt A(t,[o,L]) a/1 - \v{t,-)\'^ 

where, given t € [0,T], 9{t,x) is the cardinality of the set 'y~^{t,j{t,x)) (in particular, 
6{t,x) = 1 if 7(t, •) is an embedding), v := 7^, and T-L^ is the one-dimensional Hausdorff 
measure in M". Indeed 

\lx? , f \lx\ , f ITx, , 

dx = — dx = — = dx 



[o,L]'C(7i,7x) ^(7i,^)2 + l-|7iP ^[o,L] ^1-1 7,^ 1 2 



e{t,x) 



dn^ = 0, 



/7(t,[o,L]) vi^KvTP 

where the last equality follows from the area formula [2]. 

Corollary 2.7. Assume that 7 G C^([0, T] x [0,L];M") is regular, strictly admissible, and 
satisfies (|2lil and (l2TT]l . Deizne 

VI - |7H0,a;)r 
If J is parametrized orthogonally then 

(i) the conservation law (|2.14|) strengthen into the pointwise conservation law 

-J2^p^L= = p{x), (t,x)G[0,T]x[0,L]; (2.16) 

(a) the condition (|2.1ip becomes 

/ {ltP,<t>t) dtdx = / {—,4>x)dtdx; 

JlO,T]x[Q,L] JlO,T]x[Q,L] P 

(Hi) if we reparametrize 7(0,-) on the interval [0,E] so that p is constantly equal to 1, that 
is if (|2.8p holds, then 

|7t|2 + |7,|2 = 1 in [0,r] X [0,S], (2.17) 
and 7 becomes a distributional solution of the wave linear system 

^tt = lxx in [0,r] X [0,^]. (2.18) 
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Proof. Using the orthogonality condition ()2.7p we have 



A7t,7x) = l7x|\/l-|7tP, (2.19) 

and equation ()2.10p reduces to 

f ^ '^"1 ,^ jjt dtdx = 0, VGC°°([o,r] X [0,L]), 

i[o,r]x[o,L] ^/l - htr 

which impHes (|2.16|) . 

From (|2.1ip and the fact that the parametrization of 7 is orthogonal, we obtain 

f f^ lAl -btp ^ _ (^^i^hlL dtdx = 0. (2.20) 

J[0,T]x[0,L]\ L,{lt,lx) L-int.lx) J 

Using (f239|) it then follows 

J[0,T]x[0,L] \ \lx\ VI - |7t|2) j 

that is 



/ 



{—Ax) - {itP, <Pt) ) dtdx = 0, 



l,T]x[0,L] V P 

which is (ii). 

Eventually, assertion (iii) follows directly from (i) and (ii). □ 

Remark 2.8. We point out that Corollary 12 . 71 (iii) shows that if the constraint |7t P + |7a;P = 1 
is valid at the initial time t = 0, then it remains valid at subsequent times. 

A number of solutions of (|2.7p . (|2.17p . (j2.18p are known, see for instance [2l!, Section 6.2.4], 
[31 Chapter 4], [12], the simplest one being probably the following [T9|. Let n = 2, i? > and 
a{s) = b{s) := i?(cos sin -^) for any s G M. The solution to ()2.18p becomes 

7(t, x) = R (cos ^, sin ^) cos ^, {t, x) G {-R-k/2, Rtt/2) x [0, E], 
V R R/ R 

with E = 2itR. Note that at the singular times t = ibi?/4, the condition 7x(i, •) 7^ is not 
satisfied, and 7(t, [0, E]) reduces to a point. 



2.4 Representation of the solutions and a concept of weak solution 

Let X G C^{[0,T] X [0,-E];Mi+") (resp. X G C^i[0,T] x [0,^];^!+")) be a critical point 
of S of the form ([L2D, where 7 G C^([0,T] x [0,L];M") (resp. 7 G C'^{[0,T] x [0,L];R")) is 
strictly admissible and regular. We have seen that there exists an orthogonal parametrization 
of 7 satisfying (|2.8p . hence by Corollarv 12.71 (iii) we have that 7 becomes a distributional 
(resp. classical) solution to ()2.18p . Hence there exist -E-periodic maps a, 6 G C"^(M;M"') (resp. 
C2(M;M")) such that 

^(t,x) = ^[a{x + t) + b{x-t)], {t,x) e[0,T]x[0,E], (2.21) 
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\a'\ = \b'\ = 1 in M. (2.22) 
Note that 7f(0, •) = if and only if there exists w G such that a = b + w. 

Remark 2.9. Since a and b are defined on the whole of M, the right hand side of (|2.2ip 
can be considered as the definition of the map 7 on the left hand side also for (t, x) G 
(M \ [0,T]) X [0,-E]. Namely, the right hand side of ()2.2ip provides a global in time (resp. 
C^) weak solution, denoted by 7 to ([213), d^TTll and (IXTHjl defined for {t,x) G M x [0,^]. In 
general it may happen that 7a;(t, x) = for some {t,x) G (M \ [0,r]) x [0, since (|2.22p 
does not prevent that a'{x + t) = —b'(x — t). Hence singularities in the image 7(i, [0, E']) 
(such as cusps, for instance) are in general expected, and may possibly persist in time (see 
Remark 15.31 below) . We point out that such a weak solution could not coincide with the weak 
solution proposed in [4j when singularities are present. Another notion of weak solution to 
the lorentzian minimal surface equation in the case of graphs has been proposed in [6]. 

We conclude this section by observing that the time-slices 7(t, •) of a surface which is critical 
for S satisfy the geometric equation 

a=(l-|z;|2)K. (2.23) 

Here, if 7 G C^([0, T] x [0, L];M"') is regular, f = 7^ denotes the normal velocity vector, k 
denotes the curvature vector and a the normal acceleration vector, respectively giveiJl] by 

To show (j2.23p . observe that 

' lx\^ _L / Ix .lix 
7x1 /t \lx\ \lx\ 

\lx\J X l7x| \lx\ 

± 0/^, Tr \ 7te / 7r v2 IxX (r, rjc-N 

\lx\ \lx\ \lx\ |7x| 

and therefore if 7 is parametrized orthogonally, then a = (7t'")t". Now, projecting both sides 
of ()2.13p onto the normal space to 7(t, •) gives 

,± , l7tP - ^ {lt,lx) „ 

^tt + I ,12 7xx - 2 I 12 Ixt = 0- (2-26) 





=itt - {it, 


Ix ■ 

hx\' 


{ii)x^ 


=7t~x - {it. 


Ix 

hx\ 



so that 



Inserting ([2:25]) into ([2:26]) gives 

l-|7*P-(7*,^>' 



^-^74^(l-|7.Y)^Hl-HV 



^ When 7 is an embedding, if we set r{t) :— 7(t, [0,1/]), then a — (Vr^tt)^ on T{t), where ri{t, z) : — 
dist(z, r{t)f/2 for (t, z) £ [0, T] x R". In the case n = 2 it holds v = -dt Vd and a = -duS/d, where d is the 
signed distance from T{t). 
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3 Closure of solutions 



The closure result is motivated by an example in [19] ( see also the discussion in |2T1 Section 
6.5.2], and references therein ), and is similar to the one in [6], where maps which are graphs 
defined in the whole of M x M are considered. 

Theorem 3.1. Let {Ek} he a sequence of positive numbers converging to E £ [0, +oo) as 
/c — 7- +00. Lei {7fc} C C"'^([0, T] xM; M") be a sequence of Ef^-periodic regular strictly admissible 
orthogonally parametrized maps 

|7fct(0, x)|2 + |7fc JO, x)|2 = 1, xG M, (3.1) 

and solving the wave system (|2.18p . The following assertions hold. 

(i) if {jk} converges to a map 7 E Lip([0, T] x M;M") uniformly in [0,T] xR as k ^ +00, 
then there exist E-periodic maps a,b G Lip(R;M") with 

\a'\ < 1, \b'\ < 1 a.e. in R (3.2) 

such that 7 has the representation ()2.2ip in [0, T] x R. 

(ii) If-f e Lip([0,r] X [0,£;];R") can be represented as in (^I?m where a,b G Lip(R;R") are 
E-periodic maps satisfying ()3.2p . then there exists a sequence {jk} C C^([0,T] x R;R") 
of E-periodic maps solving (j2.18p . (|2.7p . ()2.8p in [0,T] x R such that {jk} converges to 
7 uniformly in [0,T] x [0,E]. 

Proof. Let us prove (i). Let ak,bk, with \a'f^\ = = 1, be such that ()2.2ip holds with 
E,'y,a,b replaced by £^^,7^,0^,6^, respectively. Then assertion (i) follows by recalling that, 
if L > supfc the set {u £ 14^^'°°(R; R") : u is L periodic, \u'\ < 1 a.e.} is the weak* closure 
of {u £ VF^'°°(R;R") : u is L periodic, \u'\ = 1 a.e.}, and in particular it is closed under the 
uniform convergence on the compact subsets. 

Let us prove (ii). Given a,b £ Lip(R;R"') S-periodic maps satisfying \a'\ < 1 and \b'\ < 1 
almost everywhere, it is enough to find two E'-periodic sequences {a^}, {bk} C C'^(R;R"'), 
with I a';, I = \b'f^\ = 1, uniformly converging to a,b, respectively, as A; — )• 00. It is also sufficient 
to prove this assertion for a, b belonging to the dense (for the uniform convergence) class of 
piecewise linear immersions satisfying ()3.2p . since one then concludes for general a, b using a 
diagonal argument. We will show the assertion for the map a, the construction for b being 
similar. Let a be an E'-periodic piecewise linear immersion satisfying (|3.2p . so that we can 
identify the points {0} and {E}, and assume that there exist m + 2 points =: Lq < Li < 
■ ■ ■ < Lm+i '■= E in the interval [0, E] such that 

a{x) = a{Li) -\- (x - Li) a+i, xG[Lj,Lj+i], i = 0,...,m, 

with Cj+i G R", |ci+i| < 1 for i = 0, . . . ,m. Choose dj+i G R" so that 

(di+i,Cj+i) = 0, = 1 - |ci+i|^, i = 0, ...,m. (3.3) 
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Figure 1: (a): the construction of defined in (I3.4p for a piecewise linear map a, in tfie (image of) 
the interval [Li, L^+i]; the slopes are Ci^i ± o?i-)_i. (b): the smoothing of the corners in order to have 
Uk € C^, keeping the length constraint satisfied. 



Fix k £ N even. For i = 0, . . . ,m we take a partition of [Li,Lj_|_i] into k subintervals of 
equal length: precisely, i.e., j = 0, . . . ,k set Lj := + |(Lj_|_i — Li) (we write L^ = Li and 
L^ = -Lj+i). Define 

ak{x) := a{x) + (-1^ (x - Li)d,+i, Lj < x < l{^\ (3.4) 

see Figure [T] (a). Since k is even, G Lip([0, S]; M"). Moreover from (|3.3p it follows 
|a^(x)| = 1 for any x £ [0,E] out of a finite set depending on k. Eventually, by construction 
|oa:(x) — a{x)\ < ^ for any x G [0,i?], so that ^ a uniformly in [0, £"] as A; — )■ +oo. 
Once a similar construction for h (thus leading to the definition of {6fc}) is made, let us 
consider the sequence {7^} of maps defined as 7^(^,2;) := ^ \ak{x + t) + bk{x — t)] for any 
{t,x) G [0,T] X [0,£']. These maps belong to Lip([0,T] x [0,£'];M"), and must be regularized 
in order to avoid the presence of corners. 

Given k G 'N, k > 1, let G ( 0, min -] and fix ry G (0,^^/3). We apply Lemma 

V i=0,...,m 3k / 



l3.2l below with £ = 1^ in the intervals [Ll—ik,Ll+lk\, identifying with afc(Lj )+span{ci+i + 
dj+i, Cj+i - dj+i} if j / 0, and with afc(Li) + span{ci+i + di+i + Ci - di, Q+i + di+i -Ci + di} 
if j = (see Figure [T] (b)). In both cases set s := x — Lj and Jijk{s) '■= dk{s + L]) = dk{x). 
Let 7jjfc be the approximations of ^ijk obtained by Lemma [3121 s 1— )■ ak{s) for < s < ^fc. 
Then, the map 

, X \l^3k{x - L{) if Ll-£k<x< Ll + 4 
afc(xj := < _ 

lafc(x) otherwise in [0, £'], 

extended by £'-periodicity, is of class C^(M), |a'^| = 1 and \\ak — afc||L°°([o,£;]) ^ L/k. □ 

Lemma 3.2. Lei ^ > 0, (Ti,r2) G 6e a umi vector such that ti,T2 > 0, and let 7(5) := 
(sri,|s|r2) for -i < s < i. For any r] G (0,^/3) there exists 7 G C'^{[-i, i];R'^) such that 
= 1 in [-£, I], 7(s) = 7(s) for \s\ > f and \\j - 7||l°°(M/]) < V- 

Proof. Consider without loss of generality £ < 1, fix r/ G (0, |) and let < a, /3 < 7//2 be two 
parameters to be fixed later. Define the map ja.i3 G ([—£,£]; M^) as 



7a,/3(y) : = 



(ny,-8g./ + !^y^ + ^) if < a 

y(ri,r2) + /?(?/ - ini - y)H-T2,n) if I < 2/ < I 

^(riy,r2|y|) otherwise in 



see Figure [T] (b). The definition in [—a, a] corresponds to the smoothened corners, while the 
definition in [i/3,i/2] corresponds to the small "bump" out of the corners. 
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For Q and /3 sufficiently small \ ja,i3iy) — 7(y)| < ^/2- Moreover 

h'a,i3\dy < 2a, / ha,f3\dy > „ 

-a Ji/3 O 



and 

/2 



£/3 6 



Hence there exist a and (3 such that 



and in particular 

"/2 £ ^ £ 

h'a,p\dy = - - a + - - a + 2a + - = i. (3.5) 
-^/2 ''^ 2 3 6 

Let s = s{y) be the arc-length parameter for the curve 7a,/3, and observe that \s — y{s)\ < 2a. 
Set 7(s) := 7o,/3(y(s)). By ()3.5p we deduce that 7(5) = 7(5) for |s| > £/2. Moreover, 

\j{s) - 7(s)| = ha,fi{y{s)) - 7{s)\ < ha,i3{y{s)) - i{y{s))\ + h{y{s)) - j{s)\ 

<l + \yis)-s\<^ + 2a<r]. 

□ 

Remark 3.3. Let 7 € C^([0, T] x [0,L];M") be a regular strictly admissible orthogonally 
parametrized map. Then ()2.25p implies that 

a = 7ti. (3.6) 

If 7 in addition satisfies the wave system (|2.18p . so that the representation formula ()2.2ip 
holds, but assuming only \a'\ = \b'\ < 1 instead of ()2.22p . then being 7^ = 7^^, we have the 
identity 

a = (1 - \v\^)k - (1 - \v\^)k + a (74 - 7ti) + 7ti, « G 



Choosing a = 2(1 — |f| )/(l — \v\ + \ jx\ ) we get, using K|7a;| = Ixx ^^^^ ()3.6p . 

-a + (1 - (a + (1 - , (3.7) 

where (p := —J2d=. In analogy with the discussion in 1191 Section 5], the left-hand side of 

\/i-l7tr 

(j3.7p is the mean curvature of the surface, while the right-hand side can be interpreted as 
a sort of sectional curvature of the surface in the null direction, multiplied by the positive 
factor 
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4 Some examples 



In view of Theorem 13 .11 we are interested in understanding the structure of the uniform Hmits 
of critical points of the functional S of the form ()1.2p . The following example shows that 
such limits cannot satisfy, in general, any kind of partial differential equation. 

Example 4.1. Let A G C^(M; M") be an L-periodic map satisfying \A'\ = 1. Let also e G (0, 1) 
be such that L/e G N, and define i?e : R — ^ M as 



Then 7^ G C'^{R x [0,2L];M"), it satisfies {-fet,7ex) = 0) het? + ITexP = 1 and it is a 
global in time solution of (j2.18p . The maps 7£(t,x) converge, as e — )• 0"*", to A{{x + t)/2) 
uniformly on the compact subsets of M x [0, £'], and A{{x + t)/2) is a reparametrization of 
A{x/2), X G [0,^]. In particular, if 70 G C^{[0,L];W) is a closed regular curve, the curve 
^(t,x) := 7o(x) (the image of which is the "cylinder" M x 7o([0, L])) is a local uniform limit 
of a sequence corresponding to C^-critical points of the functional S. 

The next example should be compared with the example given by Neu in [l9j, and with the 
one in j6l Section 1]. 




Let E = 2L. Define 
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Example 4.2. Let n = 2 and a(s) := (cos s, sins) for any s G M. We want to approximate 
uniformly the pair (a(s),a(s)) with pairs which have approximately the form (a(s),a(s) + 
^a{ns)), where n G N. Since we want to keep the constraints in ()2.22p . and in addition we 
want to control the periods, we need to make suitable reparametrizations. The conclusion of 
the example will be that there exists a > 1 (see ()4.7p below) such that the map 



aa I I + a 

a 



X — t 



a 



(4.1) 



can be obtained as local uniform limit of (the second components, see ()1.2p ) a sequence of 
critical points of S. In particular, the presence of q > 1 prevents 7(t, x) to vanish, since 
()4.ip implies 



1 



\-f{t,x)\^ = - {l + a^ + 2acos{2t/a)) > 



(1 - ay 



> 0. 



We begin by introducing the smooth strictly increasing function '. M 
27r-periodic derivative, and vanishing at 0, as follows: for any x G M we set 



having a 



Sn{x) :-- 



a {a) + ^a{na) 



da 



1 • / N 
smo" + — sm[na) 



+ 



cos + 2 cos(n(T) 



da 



+ cos {na — a) da. 



Observe that > i everywhere. Set 



and denote by Xn '■ 



in := Sn(2vr), 
the inverse of s„. Next define 



bn{s) := a{xn{s)) + —a (nx„(s)) 
Zn 



s G 



(4.2) 



Notice that 6„ is £„-periodic, since given A; G N we have Sn{2kTr) = kin and Xn{ktn) = 2kTT. 
Furthermore 



Ib'Js) 



a'{xn{s)) + \a'{nxn{s)) 



1, 



s G 



(4.3) 



The period in is larger than the period of a, due to the presence of the additional oscillations. 
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Let also 

a„(.):=-a^— J, 
The map an has the same period as hn and satisfies 



\a'n\ = 1- (4.4) 



Define 

7„(t, x) := - [a„(x + t) + 6„(x - t)] , (t, x) G M x [0, 4] 



Then, thanks to (fO]l . (fOl) we have 



2 I l„, |2 



nx\ 



and the wave system ()2.18p . Now we claim that there exists a > 1 such that for any s G 
lim a„(s) = aa (—] , lim bn{s) = a (— 

n—>-+co \aJ n^+oo Vct/ 



5 
4 

271 



To prove the claim, let (t){p) '■= \l ~ + P for any p > — |, and observe that 



lim = — (p{cosa) da. (4.5) 

n->-+oo zvr Jq 



Indeed, Sn(x) = Jq^ (j){cos{na — a)) da, and the change of variable y = na — a gives 

X rx{n-l) 

Sn{x) = —, -T / 4>{cosy) dy. 



x{n - 1) Jq 

Hence Snix) equals x times the mean value of the 27r-periodic function (/)(cosy) in the interval 
[0,x{n — 1)]. We now claim that such a mean value converges to the mean value of 0(cosy) 
on [0, 27r]. Indeed, denoting by [r] the integer part of r G M, we have, for a; > 0, 

Sn(x) 1 I I'xin-l) 

(coscj) da -\ — — - / ct){cosa) da, (4.6) 



x x{n - 1) Jq x{n - 1) J2^[^si2pll] 

and the last addendum on the right hand side converges to zero as n — ?■ +oo. The claim then 
follows, since the denominator of the first addendum on the right hand side of ()4.6p reads as 



x{n — 1) = 27r[ ^^^^^^ ] + On, where On ■= x{n — 1) — 27r[^^^^^|r^] converges to zero as n — )• +oo. 
Prom the claim we conclude that formula (14.51) holds. Define now 



1 1 /"^'^ /s 

a := — lim s„(27r) = — / \ - + cos a da > 1, (4.7) 

ZTT n-s>+oo 27r Jo V 4 



lirn 7„(t,x) = I- 

n— >+oo z 



SO that lim„^+oo Snix) = ax, hence lim^^Q Xn{s) = s/a, and the claim follows. 
Then 

fx + t\ fx-t\ . , 

aa^—-j+a^-^j^ =:^{t,x) 

uniformly for (t, x) in the compact subsets of M x M. 

The limit curve 7 is such that X{t, x) := (t, ^{t, x)) is not a critical point of S; it is interesting 
to observe, as remarked in f^], that the additional oscillations "desingularize" the limit, in 
the sense that the image of the map 7 has not anymore any singular point. 
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The last example is similar to Example 14. 2^ but in n = 3 dimensions; here the situation is 
simpler, since the analog of the arc-length reparametrization in (j4.2p is automatically satisfied. 

Example 4.3. Assume n = 3. Consider cylindrical coordinates in and set, for s G M, 

:= (cos s, sin s, 0), := (— sin s, cos s, 0) , 62:= (0,0,1). 

Let a,/3 G (—1,1) be such that + = 1, n G N, and define the 27r-periodic maps 
a, 6„ : M as 

a{s) ■.=es, 

f n 11 

hJs) ■.=aes + /3 { eg sin(ns)^5 - Cr cos(ns)^ + cos(ns) — 

\ — 1 — 1 n 

A direct computation gives 

7T 1 

b'n{s) = —acr — /3er sin(ns)— 2 — /3e<j cos(ns)- 



so that 
Moreover 



uniformly in 
Define 



— 1 ' " ^ ' — 1 

2 

71 Tl 

+ f3es cos(ns)— ^5 h /3er sin(ns)— 75 /Se^ sin(ns) 

— 1 — 1 

—acr + (3es cos(ns) — /3ez sin(ns). 



|6;(s)|2 = a2 + /32 = i, |a'(s)p = l, s£ 
lim 6„(s) = acs = aa{s) =: b{s) 



7„(t, x) := ^ [a(x + t) + bn{x - t)] , (t, x) G M x 



Then 7„ satisfy {jnt,7nx) = 0, |7ntP + |7nxP = 1^ and (|2.18p . Moreover 
lim 7n(t, x) = - [a(x + t) + aa{x — t)] =: ^{t, x) 

n— >+oo 2 

uniformly in on the compact subsets of M x M. Also in this example j{t, x) cannot vanish, 
since 

\^(t, x)p = 1 [1 + a2 + 2a cos(2t)] = i [(1 + af cos^ t + (1 - a)^ sin^ t] > ~ > 0. 

Observe that letting a{s) = (— sin(s + 2(/)),cos(s + 20), 0) for cj) G (0, vr), we have for the 
resulting 7 

|7(t, x)P = ^ [(1 + q)2 cos\t + 0) + (1 - q)2 sin2(t + ((>)] , 
and again |7(t,x)| > (1 — a)/2. 

It would be interesting to understand whether there are connections between the examples 
considered in this section and the results of 1101. 
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5 Evolution of uniformly convex curves with 7^(0, •) = 

Let t > and let 7 G C2([0, t) x [0, £;]; M") be a solution of (f2T7ll and (fZT8]> . In partic- 

ular, there exist £^-periodic maps a, 6 G C^(M; M") such that 7(t, x) = ^ [0(2; + t) + b{x — t)] 
for any {t,x) G [0,t) x [0,i?]. Therefore, recalling the discussion in Remark 12.91 7 can be ex- 
tended to a global solution 7 G C^(]R x [0, i?]; M"). Adopting this definition of global solution, 
we show in this section that initial convex curves may shrink to a point, and then continue 
the motion in a periodic way. 

Definition 5.1. Let t > and p G M". We say that t is a collapsing time, and that 7 has a 
collapsing singularity at t with p as collapsing point, if 7(t, x) = p for any x G [0, E] . 

At the collapsing time we have 

= 7^(i,x) = ^[a'(x + t) + 6'(x-t)], xe[0,E]. (5.1) 

Let us now assume n = 2, 7^(0,-) = 0, so that we can choose a = b £ C^(M;M^). We also 
assume that a parametrizes, on [0, E'], a closed uniformly convex curve of class C^. Since the 
initial curve is uniformly convex, for any x G [0, E] there exists a unique t{x) G {0,E/2) such 
that 

7^.(t(x), x) = - [a'{x + t(x)) + a'{x - t{x))] = 0, (5.2) 
and the function t belongs to C^([0,ii^]; (0, £'/2)). Moreover, if we set 

tmin := min t(x) tmax := max t(x), 

x&[0,E] x&[0,E] 

we have that 7(t,-) is a regular parametrization for all t G [0,tmm) U (tmax;^/2]. We can 
think of tmin (resp. tmax) as the first (resp. last) singularity time in the periodicity interval 
[0, -E], where by singularity here we mean that the regularity condition of Definition 12. II fails. 

Proposition 5.2. Let 7 G C^{[0,tmin) x [0,E];M2) be a solution of (l2J3]l given by (fZHT) . 
Assume that 7(0,-) G C^([0, E']) is regular and embedded, that 7(0, [0,-E]) encloses a com- 
pact centrally symmetric uniformly convex body K{0), and that 7t(0,-) = 0. Then 7 has a 
collapsing singularity at time tmin = E/A with the origin as collapsing point. 

Proof. The assertion follows by observing that K{{)) is centrally symmetric, and the function 
t defined in ()5.2p is constant and equals E/A = tmin- d 

Remark 5.3. Generically, one can assume that 

- the last equality in (j5.ip does not hold; 

- the set {x G [0,E] : t(x) = t} is finite for all t G [tmin, tmax], and consists of a single 

point Xmin (resp. Xmax) for t = tmin (rCSp. t = tmax)- 

From the condition t'(xmin) = t'(a;max) = we get 

(Xmin ~l~ tmin) — O, (Xmin tmin) and fl (Xmax ~l~ tmax) — ^ (^max tmax)i 

which implies that the images 7(tmin> [0, E]) and 7(tmax, [0, E]) are of class C^. In this generic 
setting, the formation of singularities has been discussed in |9j (see also |21] , [3] ) , where it is 
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4 

shown that tmin is the first singular time, the singularity has the asymptotic behavior y ~ x3 
in graph coordinates, and two cusps y ~ xs appear from the point Xmin at time tmin, persist 
for some positive time, and eventually disappear. 

We now show that the convexity of the curve is preserved before the onset of singularities, 
that is on tliG time interval [0,tmin)* 

Proposition 5.4. Let 7 G C2([0,tmin) x [0,£;];M2) be a solution of (f2J3]l given by ([221]). 
Assume that 7(0,-) G C'^{[0,E]) is embedded and counter-clockwise regularly parametrized, 
that 7(0, [0,S]) encloses a compact uniformly convex body K{0), and that 7t(0, •) = 0. Then 
7(t, •) is the regular parametrization of a closed uniformly convex embedded curve of class 
C^([0,-E]) for all t € [0,tmin)- Moreover, letting Kit) the compact convex set enclosed by 
7(t, •), we have 

tiM G [0,tmin), ti<t2 K{ti) C K{t2). (5.3) 

Proof. For any t E [0, tmin) let 

l^(t,x) =i?^^4r^' (t,a;) G [0,tmin) X [0,E], 

where i? : \ {0} — )■ \ {0} is the counter-clockwise rotation of 7r/2. To prove that 7(t, •) 
is a uniformly convex curve, it is enough to show that 

{lxx{tr),<t,-)) >0, te [0,tmin)x [0,^]. 

From 7x(t,-) / for t G [0, 

tmin) it follows that 
a'(x + t) + a'(x-t) /O, (t,x) e [0,tmin) X [0,-E]. (5.4) 

Hence 

1 , /// X /// X Ra' ix + t) + Ra' ix — t) . 
{-fccx{t,x),i^{t,x)) = -{a"{x + t)+a"{x-t , ' ). 

2 \a[x + t)+a'(x — t)\ 

Observe now that \a'\ = 1 implies that a"{x it) _L a'(x it t), so that a"{x it t) and Ra'{x it t) 
are parallel. Then ()5.4p and the Schwarz inequality imply that 

{a"{x + t),Ra\x + t) + Ra\x-t)) > 
{a"{x -t),Ra'{x + t) + Ra'{x -t)) > 0, 

which gives 

{'yxx{t,x),u{t,x)) > 0. 
It remains to prove ()5.3p . Equation ()2.23p and the uniform convexity (k, z^) > imply 

{a,u) = (1 - \vf){K,u) > 0. 

Recalling that 7t(0, •) = and that (a, i^) = dt{v,iy) > 0, we then get {v,!/) > for any 
t G (0,tmin), and ([O]) follows. □ 
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KL/2 

i = l;2 

l>L/2 



P4'" lyo 




P,(t) Pj(t) 

Figure 2: A (weak) evolution of the square with zero initial velocity. 



A result analogous to Proposition 15.41 has been obtained in |17j for the equation a = k. 
Differently from our case, for their equation the authors of [17] show that all convex curves 
shrink to a point in finite time. 

Remark 5.5. Assume (as in Proposition 15. 2p that the initial uniformly convex set is of class 
C^, and that 7 has a collapsing singularity at the time t = E/A, with p G as collapsing 
point. From the representation formula ()2.2ip with a = b, and from Taylor's formula, we get 

-fit, x) = ^ [a{x + t)+ a{x [a{x -t)- a{x + t)] {t - t) + 0{\t - tf) 

= p + a'{x-t){t-t) + 0{\t-t\'^), 

where in the last equality we use a'{x + t) + a'{x — t) = (see (|5.2|) ). It follows that 

\-f{t,x)-p\ = \t-t\+0{\t-t\'^). (5.5) 

In particular, the asymptotic shape near the collapse is circular, and the blow-up shape of 
the image of the corresponding map X (see ()1.2p ) at {t,p) is half a light cone. 

The conclusion on the asymptotic shape of 7 in Remark 15.51 seems not to be true if we drop 
the C^'^ regularity assumption on the initial convex set, as shown in the following example. 

Example 5.6. Assume n = 2, let L > and let a = 6 : M — >• M'^ be 4L-periodic, and such that 
a : [0, 4L] — )• be the counterclock-wise arc-length parametrization of the boundary of the 
square Qo = [— L/2,L/2]^ (sending for instance {0} into the point x^ = —L/2, = —L/2). 
Obviously a G C^([0,4L] \ {0, L, 2L, 3L}; M^), and a is Lipschitz continuous in [0,4L]. 
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Then, letting ^{t, x) := 2 [o-ix + t) + a{x — t)] for any (t, x) G M x M, we have that 7(i, •) is a 
Lipschitz parametrization of dQ{t), where Q{t) is defined as 

Q{t) := Qon{{x\x'^) G R2 : \x^\ + \x'^\ < L - t} , te [0,L]. 

For times larger than L the solution is continued periodically, hence 7 is Lipschitz inMx[0,£;], 
and therefore it is almost everywhere differentiable. Observe that 

(i) the map X(t,x) := (t, 7(t, x)) is Lipschitz, and at those points of X(M x [0, 4L]) where 
there exists the tangent plane such a plane is time-like. 

(ii) For t G [0,L/2) the set Q{t) is a shrinking octagon, with vertices pi{t), . . . ,P8{t) (see 
Fig. [2D. For this interval of times the conservation law (|2.15p is satisfied, since 



Moreover, for t G [0,L/2) the map 7 is strictly admissible, in the sense that |7"'"P < 1 
almost everywhere. 

(iii) For t G [L/2, L) the set Q{t) is a shrinking rotated square of side \/2(L — t) (depicted 
in bold in Fig. [2]). It shrinks to the point (0,0) at t = L (collapsing singularity). Its 
normal velocity is constantly equal to Therefore ()2.15p cannot be satisfied, since 
the time derivative of the length of j{t, •) is nonzero. However, the function 



is nonincreasing. 

(iv) Given t G {L/2,L), we have 7a;(i,x) = when x belongs to the union I{t) of four 
intervals of length 2t — L, and centered at the centers of the four sides of dQo. Indeed, 
■jx{t,x) = when a'(x + t) = —a'{x — t), hence, for instance assuming x to be the center 
of [—L/2, L/2] X {—L/2}, when x + t and x — t belong to opposite vertical sides of dQo- 
Therefore, for t G (L/2,L) and x G I{t), we have that ^{t, •) is not regular. 



and ()2.3p is not satisfied. 

Note that the blow-up of X at (L, 0) is not half a light cone as in Remark 15.51 but is the 
half-cone {{t,xi,X2) : |i — i| + |xi| + \x2\ = 1} with square section, inscribed in half the 
light-cone. 
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dn^ = A \ps{t) - Pi{t)\ + V2\ps{t) - P7{t)\ =4L. 




^7t{t,x),-fx{t,x)) = 0, 



lt{t,x)\^ = 1, 



support. 
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